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ABSTRACT
We expand on recent studies to analytically model the behavior of two thin flux tubes
interacting through the near- and acoustic far-field. The multiple scattering that occurs
between the pair alters the absorption and phase of the outgoing wave, when compared
to non-interacting tubes. We have included both the sausage and kink scatter produced
by the pair. It is shown that the sausage mode’s contribution to the scattered wave field
is significant, and plays an equally important role in the multiple scattering regime. A
disparity between recent numerical results and analytical studies, in particular the lack
of symmetry between the two kink modes, is addressed. This symmetry break is found
to be caused by an incorrect solution for the near-field modes.
Subject headings: hydrodynamics – Sun: helioseismology – Sun: oscillations – waves
1. Introduction
Magnetic features ranging from ensembles of slender tubes to large monolithic or spaghetti-
like structures, are ubiquitous on the solar surface. Thin magnetic flux tubes, like those found in
plage, interact strongly with the Sun’s acoustic p-modes, both absorbing and scattering incident
waves (Braun et al. 1990). Whilst the mechanism for the observed absorption and scattering by
large monolithic sunspots is fairly well understood, the similar (albeit smaller) observed affects of
magnetic plage are not. Mechanisms operating within large structures are unlikely to be responsible
for the absorption in smaller fibril structures like plage. Lately there has been a growing interest in
developing a sound theoretical framework to model the collective behavior of adjacent flux tubes.
The absorption and scattering observed in plage is thought to be the result of a scattering
regime between thin flux tubes present within the ensemble. Upon encountering a magnetic flux
tube, a p-mode will lose some of its energy, which is deposited upon the tube, with the remaining
energy scattered into the surrounding medium. The absorbed energy is converted into a vertically
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propagating slow wave (Cally & Bogdan 1993; Bogdan et al. 1996) manifesting itself as a kink or
sausage like motion of the thin tube. In general, the scattered energy propagates away with a
different phase. Within an ensemble, the scattered wave field will interact with nearby tubes and
scatter again. This cascade of energy, as the waves scatter between the tubes is the multiple
scattering regime (Bogdan & Fox 1991). Initial attempts to model the multiple scattering regime
were restricted to non-stratified media, due to the mathematical complexity that gravity introduces
(Bogdan & Zweibel 1987; Keppens et al. 1994, etc). Bogdan & Zweibel (1987) were the first to
attempt to characterize the multiple scattering regime, concluding that an incident wave’s energy
cascaded to smaller scales the further the wave travels into a fibril medium. Bogdan & Fox (1991)
further shed light on the regime, finding that the scattered wave field from a pair of flux tubes will
differ greatly from that of a single tube when the pair are within close proximity. Consequentially,
the nature (monolithic or spaghetti) of the scatterer could then be discerned from the scattered wave
field (Keppens et al. 1994). However, by neglecting gravity, not only were the models simplified,
they also neglected the powerful near-field resulting from stratification.
In the absence of gravity, the far field eigenfunctions suffice when matching internal and ex-
ternal wave fields. However, in a stratified atmosphere the downward propagating slow wave is
also known to be an acoustic source, manifesting as a near-field acoustic jacket around the tube
(Bogdan & Cally 1995). When considering compact acoustic sources, these jacket modes heal the
surface velocity signature by removing the singularity present at r = 0 (for axisymmetric cases)
(Cally 2013). These jacket modes, which form an infinite continuum, are radially evanescent but
propagate up and down the tube. Consequentially, any neighboring tube will experience both the
far- and near-field generated by a flux tube, and in turn respond to it, contributing its own scatter
to the external medium. The scatter contributions of all other tubes are no longer restricted to a
discrete basis of far field modes, but rather consist of a combination of discrete far-field modes and
a continuum of near field modes. The description of the acoustic jacket and its continuous spec-
trum in analytical models is challenging, and few scattering studies have included it. In the case
of an isolated thin tube, the mathematical formalism has previously been developed for the dipole
(m = ±1), or kink (Hanasoge et al. 2008), and monopole (m = 0), or sausage (Hindman & Jain
2012; Andries & Cally 2011). Higher order fluting modes (m > 2) are not consistent with the thin
flux tube approximation and will be ignored.
Scatter from an isolated tube is solely the product of the incident wave, and will only scatter
into the incident wave’s azimuthal order (m). However, in the presence of nearby tubes, the scatter
from all tubes must be calculated simultaneously as each tube will contribute to its neighbor’s
scatter. To add to this challenge, the scatter is no longer bound to the m mode of the incident
wave and can now scatter into other m modes. Basing their theory on Kagemoto & Yue (1986),
Hanasoge & Cally (2009) were the first to analytically describe the interaction between a pair of
thin flux tubes in a stratified atmosphere. They focused on the interaction of the kink mode os-
cillations m = ±1, ignoring the sausage mode (m = 0) due to unsatisfactory boundary conditions,
and concluded that the scatter properties of the pair changed dramatically when in close proxim-
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ity. It was also concluded that the near field’s contribution to the altered scatter properties was
significant, and that it contributed to a symmetry break between the m = ±1 scatter coefficients,
even when the tubes were aligned along x. The near-field also altered the phase of the outgoing
wave, demonstrating bizarre and unpredictable changes as the tubes were separated. Recently, a
numerical study by Felipe et al. (2013) examined the interaction between thick flux tubes, finding
the absorption of m modes between the tubes to be effective in the multiple scattering regime. In
contrast to Hanasoge & Cally (2009), they found that the multiple scattering regime can generate
coherent phase change with separation distance, as well as a lack of symmetry breaking between
the ±1 modes in the near field.
The aim of this work is to incorporate the sausage mode into the semi-analytical model of
Hanasoge & Cally (2009), to investigate the interactions between the kink and sausage modes, and
to settle the disparity with the numerical results of Felipe et al. (2013). This formalism is based
on Hanasoge & Cally (2009), and uses the arguments presented by Hindman & Jain (2012) and
Andries & Cally (2011) to implement the sausage mode. Extension of the method to collections
of many close-packed disparate and arbitrarily situated tubes is straightforward, though at the
expense of dealing with larger matrices, and will be explored in a future article. We will then be
able to compare our calculations with seismic analyses of absorption and scattering by plage on
the Sun (e.g., Braun 1995) to determine if the model captures the important characteristics of the
interactions, and hopefully to draw conclusions about the nature of the constituent flux tubes.
Section 2 outlines the mathematical formalism for flux tube scattering, with Section 3 outlining
the interaction with neighboring tubes. Section 4 outlines the results, with the relevance and
comparison to Hanasoge & Cally (2009) and Felipe et al. (2013) discussed in Section 5.
2. Mathematical Formalism
In this section we outline the interaction of flux tubes embedded in a stratified atmosphere of
constant gravity. The field-free atmosphere is an adiabatically stratified (g = −2.775× 104 cm s−2 zˆ)
truncated polytrope of index mp = 1.5. Following Hanasoge & Cally (2009) we use an atmosphere
with boundaries at z0 = −392 km and z = −98 Mm. The pressure and the density of the atmo-
sphere are
p(z) = p0
(
−
z
z0
)mp+1
, and ρ(z) = ρ0
(
−
z
z0
)mp
(1)
respectively, where p0 = 1.21 × 10
5 g cm−1 s−2 and ρ0 = 2.78 × 10
−7 g cm−3, we adopt a right-
handed cylindrical coordinate system, where x = (r, θ, z). From this point on the index m will
denote the azimuthal order of the incident wave mode and m′ the scattered. In this model a
propagating f - or p-mode, with a vertical displacement eigenfunction Φm(κ
p
n; s), is given by;
Ψinc(x, t) =
np∑
n=0
∞∑
m=−∞
imJm(k
p
nr)Φm(κ
p
n; s)e
i(mθ−ωt), (2)
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where Jm(z) is the Bessel function of the first kind of order m and argument z. Defining a dimen-
sionless depth s = −z/z0, an nth order far-field eigenfunction is described by
Φp(κ
p
n; s) = s
−1/2−µNn
[
CpnMκpn,µ
(
sν2
κpn
)
+Mκpn,−µ
(
sν2
κpn
)]
, (3)
where Mκ,µ(z) is the Whittaker M function of order κ , µ and argument z, Nn is the normalization
constant for any pn mode, and
µ =
mp − 1
2
, ν2 =
mpω
2z0
g
, kpn =
ν2
2κpnz0
(4)
are convenient dimensionless constants. The corresponding eigenvalues κn are obtained through the
relations outlined in Appendix A of Hanasoge et al. (2008). Here n = 0 corresponds to the f -mode
and n > 1 to the pn-modes. The inclusion of gravity invokes the need to include not only a discrete
set of far-field modes but also a continuous infinite set of near-field modes (Bogdan & Cally 1995).
The near-field eigenfunction differs from the afore mentioned propagating eigenfunction through
having complex roots:
ζp(κ
J
n; s) = s
−1/2−µ
[
CJnM−iκJn,µ
(
i
sν2
κJn
)
+M−iκJn,−µ
(
i
sν2
κJn
)]
(5)
In truncating the polytrope, much like Barnes & Cally (2000), at 98 Mm we reduce this continuous
spectrum of jacket modes to an unphysical discrete spectrum. This truncation is required in order
to utilize the interaction theory of Kagemoto & Yue (1986). Selecting a large enough discrete set
of jacket modes, we mimic the true jacket spectrum and develop some understanding of the nature
of near-field interactions. Selecting a larger set (500 more) of jacket modes than the one we have
used, alters the results by less than a percent.
2.1. Thin Flux Tubes
The determination of the scattering matrix for a single tube is essential in trying to under-
stand the interaction between nearby flux tubes. Consider a flux tube that is embedded in a field
free atmosphere that responds to an incident f−mode. At depths below s = 1 the filament’s
radius is small when compared to the incident wavelength. The relatively small radius allows for
the utilization of the thin flux tube approximation, as outlined by Bogdan et al. (1996). In this
approximation, the longitudinal magnetic field b and the tube radius R are given by
b(z) ≈
√
8πp(z)
1 + β
, and πR2(z) ≈
Φf
b(z)
, (6)
where Φf = 3.88× 10
17 Mx is adopted as the total magnetic flux per tube throughout this article.
Rapid expansion of the flux tubes above this height requires both the introduction of complex
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higher order fluting modes, as well as a variable plasma-β across the tubes’ cross-sections. In the
thin tube approximation their slender nature forces β to be constant throughout the tube, as it is
in thermal and radiative equilibrium with the field free atmosphere. This is distinct from the thick
tubes of Felipe et al. (2013), where β varies both along and across the tubes.
Thin magnetic flux tubes are only capable of two oscillating modes, the m = 0 and m = ±1,
where eimθ dependence is assumed. Incident waves, Ψinc, of thesemmode orders generate horizontal
and vertical displacement within the tube (Figure 1), resulting in the tube oscillating in a sausage
(m = 0) or the kink (m = ±1) like motion according to[
ω2(2mp + β(mp + 1)) +
2gs
z0
∂2
∂s2
+
g(mp + 1)
z0
∂
∂s
]
ξ‖ = −ω
2(mp + 1)(β + 1)
∂Ψinc
∂s
(7)
and
[
ω2z0 +
2gs
(1 + 2β)(mp + 1)
∂2
∂s2
+
g
1 + 2β
∂
∂s
]
ξ⊥ =
2(1 + β)
1 + 2β
ω2z0
∂Ψinc
∂x
(8)
respectively (Bogdan et al. 1996), where ω is the angular frequency of the incident wave. In terms
of the energy budget for the system, not all of the energy of an incident wave is transferred to
vertically propagating slow waves. Some of the energy is scattered by the flux tube into the
external medium. This scattered wave field is determined through the matching of the internal
motion and the pressure to those of the external medium. Thus, upon responding to an incident
wave, tube i’s scattered wave is:
φSi (ri, θi, s) = −
1∑
m=−1

 np∑
n=0
SimnΦn(κ
p
n; s)H
(1)
m (k
p
nri)e
imθi +
N∑
n=np
Simnζn(κ
j
n; s)Km(k
j
nri)e
imθi

 , (9)
where H
(1)
m (z) and Km(z) are the Hankel and K-Bessel functions of order m and argument z.
The scattering matrix Simncontains all the scattering coefficients of the propagating and evanescent
modes. These coefficients are found through the mismatch between the internal and external wave
fields.
Satisfactory boundary conditions must be maintained in the calculation of the scattering coef-
ficients. This requirement is that the pressure and horizontal displacement must match at the tube
boundary. To leading order of tube radius R, as R→ 0, the pressure is of higher order (for all three
wave fields: internal, scattered and incident) compared to that of the displacement for |m| = 1.
The agreement at the tube boundary is then achieved, to leading order, through the matching of
the horizontal displacement ξ⊥ alone:
Si±1nξ
scat
⊥ = ξ
int
⊥ − ξ
inc
⊥ , (10)
where scat, int and inc are the scattered, internal and incident wave fields respectively. Whilst
the matching of the kink modes is achieved relatively easily, the matching of the sausage modes
– 6 –
has presented problems in the past. Unlike the kink mode matching, the pressure terms are not
small, resulting in both the pressure and displacement continuity needing to be maintained for all
three wave field components. The complexity of matching all three terms in the thin tube approx-
imation has restricted previous studies. However, the requirements and achievement of matching
have recently been outlined by Hindman & Jain (2012) and Andries & Cally (2011) concurrently,
through the comparison of small argument expansions (as R(z)≪ λ) of the Bessel functions. The
internal and incident pressures can be matched to leading order R, since the scatter pressure terms
are proportional to lnR. To leading order, matching the internal and incident wave fields maintain
the pressure continuity. In turn, to leading order, the mismatch is then calculated through the
matching of the internal normal displacement (O(R)) to that of the incident (O(R)) and scattered
(O(R−1)) components. As long as the the scatter terms are proportional to R2, the displacement
continuity is maintained. Using these arguments, the scatter coefficients for the sausage mode are
then calculated through:
DnS
i
0nφn =
R
z20
[Ninc,n(ω; z)−Nint,n(ω; z)] , (11)
where Dn is −2i/π for n 6 np, and −1 for n > np and N = n˜.∇Φ is the normal displacement
(Hindman & Jain 2012).
The absorption and phase shift of waves encountering magnetic regions on the Sun’s surface
can be quantified through Hankel analysis (Braun 1995), whereby ingoing and outgoing waves in
an annular pupil surrounding an active region or plage are compared. Plage in particular is made
up of very many separate flux tubes packed randomly but closely in an extended region. For us
to make best use of Hankel data therefore requires the development of multiple scattering theory
including near-field effects. Although we only treat two tubes here, extension to many tubes will
follow. With these tools, we hope to be able to probe the nature of plage and its constituent flux
tubes using observed absorption and phase shifts.
We define the absorption of an (m,n) incident wave in the usual manner,
αmn =
|Ain|
2 − |Aout|
2
|Ain|2
, (12)
where Ain and Aout are the complex amplitudes of the incident and scattered waves respectively.
The change in phase of the scattered wave is
∆φmn = arg
{
Aout
Ain
}
. (13)
The ‘absorption’ so defined includes both true absorption by the tubes, and scatter into other
(m′, n′) outgoing waves. A single (circular) tube does not scatter in m, though it can in n. Multiple
tubes though will scatter inm as well. The energy scattered into these other modes is best quantified
in terms of energy fractions. Generalizing the analysis of Hindman & Jain (2012, see their Eq. (27)),
the fraction of the incident wave’s energy that is scattered to outgoing m′ and n′ is
ǫmn→m′n′ = |δnn′δmm′ + 2Sm′n′ |
2, (14)
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where Smn are the scattering coefficients (n 6 np) appearing in Equation (9).
3. Interaction of flux tubes
Having determined the scatter coefficients for a single tube i, we now build upon this matrix to
include not only the incident wave but also the contribution of nearby tubes. Using the methodology
of Kagemoto & Yue (1986), the scattered wave (Equation 9) from an isolated tube i is expressed,
in matrix notation, as
φSi =
∑
n
ATinΨ
S
in, (15)
where the summation is over all propagating and evanescent modes. In the summation the jacket
modes follow on from np. Here Ain is a 3-element vector containing the scattering coefficients for
the sausage and kink modes, whilst Ψin is a vector containing the scattered wave field from tube i.
Specifically:
Ain = −
(
Si−1n S
i
0n S
i
1n
)T
(16)
(ΨSin)cd = H
(1)
c−2(k
p
nri)Φn(κ
p
n; sd) (n 6 np) (17)
(ΨSin)cd = Kc−2(k
p
nri)ζn(κ
p
n; sd) (n > np), (18)
where c ranges over [1, 3], d over [1, 250], and sd is the d
th point along the s grid. Equation (15)
describes only the zeroth order incident wave (φ0) contribution. The scattered wave contribution
from nearby tubes is then described as an incident wave upon tube i, and this is achieved through
the Transformation Matrix. The transformation matrix Til relates the scattered wave field from
tube i to an incident wave upon tube l, that has a radial separation of Ril and angular separation
from the x axis of γil (Figure 2). The elements of Til are derived from Graf’s addition formula
(Abramowitz & Stegun 1964):
H(1)m (k
p
nri)e
im(θi−γil) =
∞∑
d=−∞
H
(1)
m+d(k
p
nRil)Jd(k
p
nrl)e
id(pi−θl+γil), (19)
K(1)m (k
j
nri)e
im(θi−γil) =
∞∑
d=−∞
K
(1)
m+d(k
j
nRil)Id(k
p
j rl)e
id(pi−θl+γil). (20)
The individual elements then populate Til through
(Til)pq = e
i(q−p)αijH
(1)
q−p(kpRil) (n 6 np), (21)
and
(Til)pq = (−1)
pei(q−p)(−pi/2+γij )Kq−p(kjRil) (n > np) (22)
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Fig. 1.— The real (solid) and imaginary (dashed) components of the normalized vertical and
radial displacements (ξ/kp), of a flux tube (β = 1) that is impinged upon by a 3 mHz f -mode of
order m = 0 (left) and m = 1 (right). The motions are vertical and radial for the sausage and kink
modes respectively. The slow waves traveling down the flux tube propagate into the solar interior,
transporting energy absorbed from the incident wave.
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Fig. 2.— The orientation of a pair of flux tubes with variables graphically specified. The two tubes
are separated by distance Ril, with the line at an angle of γ from the +x axis. An incident sausage
mode (J0(kpr) is centered upon one of the tubes, whilst the off-center tube sees less of the incident
wave the further away it is.
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where in this case p = 3n +m′ + 2 and q = 3n +m + 2. Close inspection of the exponential in
Equation (22) reveals that it is different from that of Kagemoto & Yue (1986) (as an e−pi(q−p)/2
term is introduced), as well as Hanasoge & Cally (2009). This additional factor has been intro-
duced because of the apparent break in symmetry between the m = ±1 in the near-field, and
effectively correspond to representing the solution in terms of a Hankel function, instead of a Bessel
K (see Abramowitz & Stegun 1964, Equation 9.6.4). Hanasoge & Cally (2009) concluded that
jacket modes create a break in symmetry in the scattering coefficient between the m = ±1 modes,
when the tubes are aligned along x. However, the only difference between the m=±1 modes is the
definition of the coordinate system. If the coordinate system were reflected around the x axis, the
scattering coefficient should not change. Any tube located at the origin of the coordinate system
should not be able to identify a difference in scatter between m = ±1 from the off-center tube when
it is on the x-axis. The apparent break in symmetry is significant in the near-field, but this is due
to the chosen solution describing the jacket and incident wave fields described in Kagemoto & Yue
(1986). We will further address the mathematics of this issue later on, once we have outlined the
remaining matrices needed in the calculation of the scatter.
By using Til to define the scatter as an incident wave, Equation (9) can then be expressed for
any neighboring tube l as
φIl =
∑
n

φ0|ln + N∑
i=1,i 6=l
ATinT
n
ilΨ
I
ln

 , (23)
where the interior sum describes the contribution of all other tubes. To better understand the
contribution of all other tubes, the scatter and incident waves must be related through the char-
acteristics of the isolated tube (Kagemoto & Yue 1986). As such there exists diffraction transfer
matrices, called here the B matrix, that relates the incident and scattered wave field for tube l:
Al = Blal, (24)
where B is populated through
(B)pq = Smn|n′ . (25)
In this case p = 3n′+m+2, q = 3n+m+2, the vector al contains the amplitude of the incident n
wave upon tube l and Al contains the scatter terms into all n. The incident wave amplitudes (al)
are again derived from Graf’s addition formula,
Jm(k
p
nri)e
im(θi−γil) =
∞∑
d=−∞
Jm+d(k
p
nRil)Jd(k
p
nrl)e
id(pi−θl+γil), (26)
noting that an m incident wave will be seen as a combination of all other m by any tube that is
not located at the origin. It is important to note that the axisymmetric flux tubes create a sparse
B, with no information pertaining to scatter into non incident m modes. Hence, all m-m′ scatter
is due to off-center tubes experiencing the incident wave as a combination of m modes.
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As with the T matrix, the a vector is constructed through Graf’s addition formula, and
herein lies the symmetry problem. The symmetry break arises due to the nature of the Jm, H
(1)
m
and Km functions, of positive and negative m order. For odd m the Bessel J (as well as H
(1)
m )
function behaves like J−m = −Jm, and as a result through solving the linear algebra for Al no
difference arises between ±m . As the far-field components are described by Jm and H
(1)
m , the
matrix procedure of Kagemoto & Yue (1986) then sees no difference in the scattered far-field ±m
waves (when the tubes are aligned with x). However, the Bessel K function is invariant for ±m, yet
when multiplied by the variant Jm (which is present in al), terms do not cancel, and thus a difference
in the ±m scattering coefficient arises. By examining the definition of the Bessel K function (see
Abramowitz & Stegun 1964, Equation 9.6.4) the exponential factor returns the symmetry of the
±1 modes when the tubes are aligned along the x axis, whilst remaining an appropriate solution.
Expanding upon Equation (23), by utilizing Equation (24), completes the picture of the scat-
tered wave field from a flux tube pair:
Al = Bl

al + N∑
i=1,i 6=l
T
T
ilAl

 , (27)
A1 = B1(a1 +T
T
21B2[a2 +T
T
12A1]), (28)
A2 = B2(a2 +T
T
12B1[a1 +T
T
12A2]). (29)
4. Results
Let us consider the case of two identical tubes (same β and Φf ), aligned along the x axis and
interacting through the sausage and kink modes. For this study we concern ourselves only with the
f -f scattering coefficients, as pn scatter decreases rapidly with increasing n (Bogdan et al. 1996).
Upon scattering an incident wave, each tube will also experience the scatter of the other tubes,
and in turn produce further scatter. The resultant changes in absorption for the central tube are
seen in Figure 3, for a mode (m) scattering into an outgoing mode (m). The greatest changes in
absorption (on the order of 10−4), for both modes, occur when the tubes are interacting through the
near field, typically on a length scale of half the horizontal wavelength (π/kp). However, the kink
modes demonstrate a sensitivity to the tube’s plasma-β, with smaller β tubes readily absorbing
more (a magnitude greater) than higher β tubes. Comparison of these changes with the isolated
case (Table 1), demonstrates that the presence of the second tube alters the isolated absorption
coefficient significantly.
Scattering into nonincident (m′ 6= m) modes is the subject of Figure 4. The fraction of energy
carried away by thesem′ modes is greatest when the tubes are close enough to interact through their
near-fields. However, as they are separated the energy fraction decreases. The energy fraction also
– 11 –
0 1 2 3 4 5 6 7
-6
-4
-2
0
2
4
D
Α
´
10
4
Kink H+1L to Kink H+1L *
0 1 2 3 4 5 6 7
-6
-4
-2
0
2
4
D
Α
´
10
4
Kink H-1L to Kink H-1L *
0 1 2 3 4 5 6 7
-4
-2
0
2
4
6
D
Α
´
10
4
Sausage to Sausage
Separation Distance HMmL
Fig. 3.— The change in absorption coefficient (∆α = α− αisolated) (of the central tube only) of an
incident m wave due to the presence of a nearby tube for varying separation distances and β. The
3 mHz (λ = 4.9 Mm) f -mode interacts with an identical pair of flux tubes, aligned along the x-axis
(β = 0.1: Dashed, β = 1: Solid, β = 10: Dot Dashed). Frames specified by * have the β = 0.1
absorption scaled down by factor 10 for clarity in near-field contribution. The absorption coefficients
are calculated from Equation (12). In all panels the central tube’s absorption is dramatically altered
(compared with the single tube absorption listed in Table 1) when interacting with the nearby tube
through the near-field.
– 12 –
diminishes as the tube separation approaches zero, due to the system returning to an axisymmetric
state.
In this model, we have applied a different solution for the jacket modes (Equation 20) in an
attempt to restore symmetry between ±m modes. As a result the apparent symmetry breaking
between m = ±1 (Hanasoge & Cally 2009), when the tubes are aligned along x, is absent. Scatter-
ing into their respective modes is identical for both the +1 and −1 modes (see two top panels of
Figure 3). However, as the second tube is rotated about the origin the symmetry is broken and a
difference in absorption arises between the −1 and +1 modes (Figure 5). In regards to the sausage
mode, this mode naturally has no preference between which kink mode to scatter into (see bottom
panel of Figure 4).
Expanding our view to the complete scattered wave field, rather than that of the central
tube, reveals the collective nature of a pair of flux tubes. Akin to the central tubes absorption (and
Hanasoge & Cally (2009), despite the change to the jacket solution), the absorption of the flux tube
pair varies greatly when allowed to interact through their respective near fields (Figure 6). The
changes in absorption are again significant when compared to the non-interacting tube’s absorption
coefficient (Table 1), returning to an isolated absorption coefficient when sufficiently far apart. At
higher frequencies, incident waves are more readily absorbed by the tubes. However, due to a
shorter wavelength the pair need to be closer (in comparison to lower frequencies), to interact
through their respective near fields. The affects of the proximity thus manifests itself in an altered
absorption coefficient, and hence the tubes no longer absorb and scatter as two unique isolated
tubes but rather as a collective scatterer. The impact of this collective behavior is also evident
in the phase of the outgoing scattered wave field (Figure 7). The sensitivity of the phase with
tube separation (Hanasoge & Cally 2009) is not present here, with coherent changes in phase as
the tubes are separated. The greatest changes in phase generally occur in the kink modes with
the higher frequency incident waves also aiding in an increased change in phase. The near field
interactions are the cause of the greatest phase changes, with the impact on travel times increasing
with proximity.
Table 1. The absorption coefficient for an isolated tube at the origin
|m| β = 0.1 β = 1 β = 10
0 2.16 × 10−4 2.45 × 10−3 6.34× 10−3
1 3.55 × 10−2 1.15 × 10−2 1.18× 10−3
– 13 –
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Fig. 4.— The fraction of energy (ǫmm′) that is scattered into non-incident m
′ modes by a pair of
identical tubes for varying separation distances and β. The 3mHz (λ = 4.9Mm) f -mode interacts
with an identical pair of flux tubes, aligned along the x-axis (β = 0.1: Dashed, β = 1: Solid,
β = 10: Dot Dashed). All β = 0.1 energy fractions are scaled down by factor 10 for clarity of
the near-field contribution. Scattering into kink modes is strongest when the tubes have a small
plasma-β. The energy fraction is calculated from Equation (14).
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5. Discussion and Conclusions
Whilst the results presented here are informative about m mode interactions, we must first
discuss limitations of the model before considering their significance. In truncating the polytope
we reduce the number of jacket modes from a continuous spectrum to a discrete one. The nature
of the finite-depth interaction theory of Kagemoto & Yue (1986), requires the use of this discrete
spectrum, but how much does the scatter differ when the polytrope is allowed to extend to infinite
depth? In numerical simulations the jacket modes appear naturally, but these simulations are
restricted in spatial resolution. By treating the jacket eigenfunctions analytically, we are not as
easily restricted by spatial resolution, and can consider their impact. In taking a large enough
subset of the jacket modes the eigenfunctions of the tube are mimicked. However, attributing
results from a partial basis to a complete picture must be done cautiously. The second limitation
is the use of the thin tube approximation. Whilst completely valid below z0, how much are we
underestimating the degree of scatter from higher order fluting modes present above z0? Felipe et al.
(2013) performed numerical studies of thick interacting tubes (capable of m > 2 modes), showing
that whilst the sausage and kink modes are the dominant modes for scatter, the contribution of
higher modes is not negligible. Recognizing this, we note that this simplified model is not perfect
in modeling realistic interactions between tubes that have a comparable thickness to the incident
wavelength. Nevertheless, it is a helpful tool for parameter searches to characterize the multiple
scattering regime.
Having stated these limitations let’s consider our adjusted near field solution. As discussed
previously, the difference between m = ±1 modes is the definition of the coordinate system. The
near field solution of Kagemoto & Yue (1986) presents a symmetry problem for tubes interacting
through ±m modes. Whilst the Bessel K solution for the scattered jacket modes is accurate, the
invariant nature of Km (in contrast to H
(1)
m and Jm) between ±m leads to symmetry breaking in
the calculation of Equation (28). Our Bessel K solution (Equation 20), which is a valid solution
for the jacket modes, has restored the scatter symmetry when the tubes are aligned along x. This
solution maintains the sensibility that m = ±1 modes differ only through a coordinate system
definition, and not through their respective scatter. Consequentially, without this new solution
the interaction theory would stipulate that the m = 0 mode, being axisymmetric, would show
preferential scatter into ±m modes. We also note that the incoherent phase changes as the tubes
are separated, found by Hanasoge & Cally (2009), are absent in these results. This is again due
to the previous near-field solution. Our results show coherent changes in phase as the tubes are
separated, which is consistent with the changes in phase of Felipe et al. (2013).
Interestingly, by moving the off-center tube to a position where γil 6= 0, the symmetry is no
longer maintained (Figure 5). The eimθ dependence of m 6= 0 waves creates a symmetry break
between modes (when γil 6= 0), owing to unequal amounts of ±m waves at the second tube.
Consequentially, a difference in the scatter coefficient of the m = ±1 modes arises at the second
tube, and in turn a difference at the centered tube also occurs. The sensitive nature of the scatter,
to the tube position, was also observed by Felipe et al. (2013) in numerical studies for incident plane
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waves. This sensitivity outlines another parameter to consider in the determination of a ensemble’s
constitution. Changes in the sausage mode occur when the second tube is rotated about the origin,
due to the second tube scattering kink modes, and in turn the central tube absorbs m = 0 modes
(as per Equation 26). The absorption of all modes is identical if the origin is relocated to the
center of the second tube (i.e. γil = π), and this serves as a sanity check for the coordinate system
definitions.
The inclusion of the sausage mode in this model highlights it’s importance in the multiple
scattering regime. The change in absorption for the sausage mode is of the same magnitude as
the kink modes for the 3 mHz case (Figure 3), owing to the fact that the off center tube sees any
incident m wave as a combination of m modes, and in turn scatters significantly into both sausage
and kink. However, in the higher frequency (5 mHz) case the absorption of the sausage mode is
a magnitude larger than that of the kink modes when the tubes are in close proximity (see right
panels of Figure 6). These results are consistent with Felipe et al. (2013), which illustrated that high
frequency cases will produce larger absorption changes for the m = 0 modes than for the |m| > 1
modes. With respect to the phase shift of the individual m modes (Figure 7) the close proximity
of tubes generally enhances the negative phase shift of the sausage mode (Hindman & Jain 2012),
which results from shorter travel distances due to reflection from tube boundaries. Akin to the
absorption, the phase shift of the sausage modes is enhanced by the higher frequency incident
waves becoming comparable to the phase shift generated by kink modes. Figure 7 illustrates that
close proximity and higher frequency incident waves may enable the phase shift produced by m = 0
waves to surpass that of the kink modes in some cases (such as thicker tubes), as anticipated by
Felipe et al. (2013).
The desire to determine the properties of magnetic ensembles from the scattered wave field
results from the inability to directly discern the internal constitution of magnetic features. Tech-
niques to determine the amplitude and phase of scattered waves from small magnetic elements from
observations exist (see Duvall et al. (2006)), but which parameters govern the mechanisms that af-
fect the scattered wave field? The multiple scattering regime is well known to alter the scattered
wave field (Bogdan & Zweibel 1987; Keppens et al. 1994), and cannot be approximated by single
scattering. Numerical studies have begun to characterize this regime (Felipe et al. 2013), and we
have presented here a more complete semi-analytical model to aid in the determination of param-
eters that govern the scattered wave field, demonstrating that it is sensitive to both the proximity
and relative position of nearby tubes. The inclusion of the sausage mode has also illustrated the
significance of the scattering between m modes, especially within the near-field. In more detailed
cases the model presented here can be used to address the scattering between thin tubes, like those
present within plage. In a future study, we will apply the formalism developed here to address the
interactions of multiple non-identical tubes in random ensembles.
The authors thank Shravan Hanasoge for his insightful conversations and discussions on the
formalism.
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Fig. 5.— The change in absorption and phase of the central tube, as the second tube is rotated
around the origin at a distance of 500 km. The incident m modes (solid: +1, dashed: -1, dot-
dashed: 0) scatter off the second tube producing a change in the central tube. Symmetry between
the ±1 modes is restored when the second tube is aligned on the x-axis (γil = 0, π). Whilst the
m = 0 mode is axisymmetric a change occurs when the second tube is rotated about the origin,
due to the kink mode scatter being absorbed as sausage mode components (see Equation 26).
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Fig. 6.— The change in absorption (α − αisolatedpair) of an identical pair aligned along the x-axis.
Absorption is generally enhanced within the near field, slowly returning to isolated values as the
tubes are separated. Left Panels: Comparison with Table 1 reveals the absorption of the pair is
enhanced compared to that of the central tube. The pair behave collectively. Line types are as in
Figures 3 and 4.
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Fig. 7.— The change in phase of the scattered wave field from the pair, compared to that of two
isolated tubes. Large phase changes are seen in the near-field, rapidly returning to isolated values as
the tubes are separated beyond a wavelength of the incident mode. Kink mode scattering (bottom
panels) produces the largest change in phase with high frequency also contributing the increased
phase changes. Smooth changes in phase occur as the tubes are separated, contrasting the results
of Hanasoge & Cally (2009). Line types are as in Figure 3 and 4.
